We study the moduli space S g (a) of principally polarized supersingular abelian varieties of dimension g with a-number a. We determine the dimension of each irreducible component of S g (a) and the number of irreducible components.
for any perfect field K.
The main results proved in this paper are: 
for g, a even,
H g (p, 1) for g odd and a even,
where H g (p, 1) and H g (1, p) are the class numbers of quaternion unitary groups (see [2, 4.6] and also Theorem 4.15). Here we remark that if you consider the moduli space S g (a) as a stack or the moduli space with level n structure (n ≥ 3), the number of irreducible components is also computed by the similar formula obtained by replacing the class numbers by masses of the same quaternion unitary groups, which are explicitly calculated by mass formula.
This is a generalization of results in [2] that S Let us explain the outline of this paper. We start with some preliminaries on supersingular abelian varieties and Dieudonné modules in Section 2. The following Section 3 is crucial to describe each irreducible component of S g (a) . After reviewing the theory of K.-Z. Li and F. Oort ([2, Section 7]), we introduce a new ingredient, i.e., "good basis" for each principally quasi-polarized supersingular Dieudonné module. Then we obtain a beautiful symmetry among coefficients which determine the actions of Frobenius and Verschiebung on such bases. These coefficients make up a parameter space which is called "period space" in this paper. Then the dimension of S g (a) is immediately calculated. Moreover we can look into the configulation of a-number stratification.
The calculation of the number of irreducible components of S g (a) is a more difficult problem. Section 4 is devoted to this. Although each subscheme of the moduli space of rigid PFTQs definded in Section 3 gives an irreducible component of the moduli space of principally quasipolarized supersingular Dieudonné modules, it is necessary to show that different subschemes give different irreducible components. For this, we will make use of another invariant -Li's index, which can be calculated for generic elements of each virtual irreducible component.
Polarized flag type quotient (PFTQ) and covering of moduli spaces
Recall the definition of rigid PFTQs in [2, 3.6, 6 .2]. (iii) (F, V )
Definition 2.5. A rigid PFTQ of Dieudonné modules is a filtration {M
The last condition is called the rigidity.
For convenience, we choose a supersingular elliptic curve E over F p (see [2, 1.2] for existence of such an E). Let η be a polarization of E g ⊗ p K such that ker(η) = E g [F g−1 ] ⊗ p K. Let S be an F p -scheme. Definition 2.6. A rigid PFTQ of dimension g over S with respect to η is a series of polarized abelian varieties (Y i , η i ) and isogenies
Let N g be the moduli space of rigid PFTQs of Dieudonné modules, and P g,η be the moduli of the rigid PFTQs of dimension g with respect to η. We know that N g and P g,η are isomorphic up to inseparable morphism.
Theorem 2.7 (Section 4 of [2]). Let Λ be the set of isomorphism classes of polarizations
. There is a canonical morphism Ψ :
which is a quasi-finite surjective morphism. Moreover P g,η is nonsingular and geometically integral of dimension g 2 /4 and the generic fiber over each irreducible component of S g has a-number 1.
Let N g (a) be the subscheme of N g which parametrizes rigid PFTQs {M 0 ⊂ · · · ⊂ M g−1 } with a(M 0 ) = a, also P g,η (a) be the associated subscheme of P g,η . Then we have a quasi-finite surjective morphism
Therefore as far as the dimension of S g (a) is concerned, it suffices to investigate the space N g (a).
3 The dimension of S g (a) and good local coordinates
Open covering of N g (a)
The first part of the argument in this section is almost the same as the contents of Section 7 in the book [2] . However for our purpose, basis of different type in M g−1 are crucial in this paper. Therefore we need to rewrite the setting of construction of moduli space of rigid PFTQs.
Given a reduced k-scheme S, let W S := W (O S ) be the sheaf of Witt rings [7] . Let N be a superspecial Dieudonné module with quasi-polarization of genus g satisfying N t = F g−1 N . Note that such a quasi-polarized superspecial Dieudonné module is uniquely determined up to isomorphism ([2, Prop. 6.1]).
.
LetΦ be the set of H-basis
such that for all i and j,
Here ε is a Teichmüller lifting in W (F p 2 ) satisfying ε = −ε σ and δ ij is the Kronecker's delta.
We note that the way to choose bases ofM g−1 here is different from that in [2, Section 7] . We denote by Φ the set of representatives ofΦ modulo p. Then we see Φ < ∞.
with basis Θ of M g−1 such that M 0 has a basis of following type:
with α ij ∈ A and α ii = 1.
Then we get an open covering
with several properties (see [2, 7.6 ] for the precise definition). Here M 0 is supposed to have a basis 
Here 
Then the set of the K-valued points of the fiber of
for m > 2 and j < g − 1 and a equation in β g−1 coming from the condition
Moreover, every equation gives Artin-Schreier extension.
From now, we start some new materials in this paper. 
Proof. The first equality implies the second one, because the first term is an A-module.
the first term contains the middle term obviously. We shall prove the first term is contained in the middle term by induction. For i = g − 1, this is obvious. Assume that it holds for i+1.
Let us write
and define τ ij ∈ A by
By Lemma 3.4, we may assume
Recall that a principally quasi-polarized supersingular Dieudonné module M does not uniquely determine {w i } nor therefore {β 
for all i and j.
Proof. We prove this by induction on g.
Then as w i , we can take an element of the form:
By the hypothesis of induction, it follows that
Now we have to find appropriate β
which are automatically determined by the already known coefficient β
for all j. Since the equation in β (g−2)
g−1−j,g−1 , which is equivalent to the equation:
g−1−j,g−1 satisfying the equations (3) .
From now on, we assume that a basis {w 0 , · · · , w g−1 } of M satisfies Lemma 3.5. By the lemma above, it follows that τ ij ∈ W (K), since (F − V )w i , w g−1−j = 0 for all i and j. Here we note that
Lemma 3.6. The following symmetry holds:
Proof. It follows from the straightforward calculation:
Lemma 3.7. We have a(M 0 ) = a if and only if rk
Proof. It follows from
Investigation of "period domains"
In this subsection, we investigate the variety ∇ g which the matrix T = (τ ij ) belongs to. We may call this "period domain":
Here n(K) is the set of strict uppertriangular g × g matrices with K-coefficients. We also define the subvariety ∇ g,a of ∇ g by
By Lemma 3.6 and 3.7, the matrix T is in ∇ g,a (K). Therefore we have a natural morphism U Θ (a) → ∇ g,a , which isétale by Lemma 3.3. Now we can show:
Proof. It suffices to show the surjectivity of the morphism 
Proof of Claim 1. Deleting the top and the bottom rows and the first and the last columns from T , we obtain T red ∈ ∇ g−2 . By the hypothesis of induction on g,
Here M g−3 is the superspecial Dieudonné module generated by
Then the Deudonné module M 0 generated by w 0 , · · · , w g−1 is sent to T . This completes the proof of Claim 1. Now we may assume that our Proposition is true for T such that m(T ) = m − 1. It suffices to show the next claim under this assumption:
Θ which is sent to T . Namely there is a good basis
Applying Lemma 3.3 for w 0 as v g−m , we can construct a principally quasi-polarized superspecial Dieudonné module with basis
which is mapped to the original T .
From now on, we investigate the structure of ∇ g,a . Let M = (a ij ) 0≤i,j≤g−1 be an element of ∇ g,a (K). If we write M = (A ij ) 1≤i≤j≤t+1 , it means the unique block expression
where 
(ii) For even g and even r,
with
(iii) For odd g and odd r,
with j k = i k + 1 for k = (r + 1)/2 and j r+1
Before the proof, we give some examples of elements M of
to help the understanding of the reader:
Example 3.10. Proof. First we show that every variety ∇ c g,g−r (i 1 , · · · , i r ) (r = r or r − 1) defined above is irreducible. Obviously it suffices to show the following.
Proof of Claim 1. This can be shown by induction on r. For r = 0, ∇ g,g consists of one point 0.
For r = 1, we investigate ∇ g,g−1 (i 1 ) with i 1 = [(g − 2)/2]. Let j 1 be i 1 + 1 for even g and i 1 + 2 for odd g. Any element (a ij ) 0≤i,j≤g−1 of ∇ g,g−1 (i 1 ) is written as
Hence we have
which is irreducible. For r = 2, there are two cases:
Since the irreducibility in the case (2) will be shown simultaneously in the argument for general r below, we restrict ourselves to the case (1) . Hence we have
which is irreducible. Let us show the irreduciblity for general r. For any element M of ∇ g,g−r (i 1 , · · · , i r ), there is a unique pair (N, N ) such that
and N has zero (i 1 , * ), ( * , j 1 ), (i r , * ) and ( * , j r ) entries for * = 0, 1, · · · , g − 1. Then N can be regarded as an element of
The fact that we have a unique decomposition M = N + N implies that 
in ∇ g,a satisfying specialization conditions
and N (m)
s 1 is a sequence of specializations to N .
Proof. Let N be an element of ∇ g,g−r with block expression (A ij ) as in (4) with
For N , we associate an element µ N of Z ≥0 × Z ≥0 defined by
We define an order on
We have the following equivalences
for even g, r and Proof of Claim 2. We will show this by induction on r. Since N has to be 0 for r = 0, there is nothing to prove in this case. Let us take N ∈ ∇ g with rank r > 0.
For 
In general, for given N we have a decomposition
such that N 1 has 
where x 2 is a solution of t 11 x 2 2 − 2t 12 x 2 + t 22 = 0 and
× . Lastly we have to settle the other case of (11). This is included in the following case. We utilize the unique decomposition N = N 1 + N obtained in (12) again. By the hypothesis of induction, we may assume that
Indeed, otherwise taking a generalization N s which gives an element of
Then it follows that µ Ns > µ N (s ∈ K × ). The conditions (11), (14) and (B) imply that N is in ∇ g,g−r (i 1 , · · · , i r ) (r = r or r − 1). This completes the proof of our Claim 2, therefore Lemma 3.11, and Proposition 3.9.
Corollary 3.12. Let us denote by J g,a the set of irreducible components of ∇ g,a . Then we have
if g is even and a is odd,
Proof. (i) For even g and odd a, the number of J g,a is the number of choices of
For odd g and odd a, the number of J g,a is the number of choices of
(ii) For even g and even a, the number of J g,a is the sum of the number of choices of i 1 , · · · , i r/2 in {0, · · · , (g − 2)/2 − 1} and the number of choices of i 1 
(iii) For odd g and even a, the number of J g,a is the number of choices of We define a generalization
and c kl = a kl for other k, l. Note N 2,s are of rank 2 for all s = 0. Then N s = N 1 + N 2,s is a desired genelarization.
Proposition 3.14. Any irreducible component of ∇ g,a has dimension
Proof. As Proposition 3.9, we set r = g −a. It suffices to show that all ∇ g,a (i 1 , · · · , i r ) (r = r or r − 1) in Proposition 3.9 have the same dimension (g 2 − a 2 + 1)/4 . We prove this by induction on r = g − a.
In the first part of the proof of Proposition 3.9, we have already shown that
Hence the dimension formulas in these cases follow immediately. In general cases, by the equation (10), we have
The straightforward calculations:
and
show this proposition.
Conclusions of this section
Let A g be the coarse moduli space over Z of principally polarized abelian varieties. By the fact that the set of supersingular points is closed in A g ⊗F p , giving the reduced structure to the locus, we have the closed subscheme S g in A g ⊗ F p . We denote by S g (a) the locally closed subscheme in S g parametrizing principally polarized supersingular abelian varieties with a-number a.
Theorem 3.15. (0) Let
Moreover S c g (a) is connected unless a = g.
(1) Evey irreducible component of S g (a) has dimension
Proof. All of the statements except the connectivity have already been proved by Corollary 3.13 and Proposition 3.14. The connectivity of S The proof of this lemma will be given after Corollary 4.14 with explicit formula of N .
There is a natural quasi-finite surjection f :
. We shall investigate the irreducible components in S g (a, , x) for each x. This is done by investigation of polarizations on superspecial abelian varieties, which is a global problem. Definition 4.2. Let x be an element of I g,a and N the quasi-polarized superspecial Dieudonné module given in the above lemma. We denote by Λ x the finite set consisting of polarizations η on E g such that ker η is a p-group satisfying
Then we have: Proof. Let x be an element of I g,a and W be one of irreducible components of S g (a) mapped to x by the natural map from S g (a) to D g (a). Then there is an irreducible componentW of P g,η (a) for some η such that there is a quasi-finite surjective morphism fromW to W . Recall we have a purely inseparable morphism from P g,η (a) to N g (a). LetW be the corresponding irreducible component of N g (a). We will show there are Λ x irreducible components in S g (a) for each x ∈ I g,a . First we show the next claim. Claim. For x ∈ I g,a , let N be the quasi-polarized superspecial Dieudonné module given in Lemma 4.1. Then we can find an embedding ι from N to M g−1 as quasi-polarized Dieudonné modules such that for any generic element 
By this Claim, for given polarization η in Λ x , we have an irreducible subschemeW in N g (a) generically consisting of rigid PFTQs
fixed ι(N ) and also the associated subscheme W of P g,η (a) where η is the pull back of η by the isogeny from E g to E g corresponding with the embedding from N to M g−1 . We note that we can take the same submodule N of M g−1 for all η ∈ Λ x , since the way to embed principally quasi-polarized supersingular Dieudonné modules to rigid PFTQs does not depend on choices of η ∈ Λ x . Recall that W generically consists of isogenies of polarized supersingular abelian varieties The aim of the rest of this section is to relate I g,a with a set of Li's indices and to show that Λ x equals a certain class number of the quaternion unitary group over Q with similitude:
Investigation of index
We can determine the set I g,a by using index introduced by K. (2) For two indices s = (s k ) and t = (t k ), the notation s ≺ t means that s k ≤ t k for all k.
be an index. We say that a supersingular Dieudonné module M has index s if we have 
. . .
Proof. We show this by induction of n. For n = 0, we have
with P n (T, n) = 0 and P −1 (T, n) = 0, we have
By using this equality and the hypothesis of induction, we get
Lemma 4.9. Let M be a principally quasi-polarized supersingular Dieudonné module. Then V k (M ) is generated by the classes of the entries of
Proof. By the equality
follows that V k is generated by the classes of
Lemma 4.8 implies that V k is generated by the classes of the entries of
Since the contribution of the terms with 0
is in M , we have this lemma.
From now, we shall treat polynomials in a σ n ij (a ij : entries of T and n ∈ Z). Let the degree of a σ n ij be p n even for n < 0. Such a polynomial in a σ n ij (n ∈ Z) is called a semi-polynomial in T . The next is a key lemma for the proof of Theorem 4.13 below.
Lemma 4.10. The g × g matrices
contain terms which have the lowest degrees at each coefficient of F −l :
. .
Proof. The terms are nothing but the terms corresponding to the lowest p 0 , · · · , p l . The straightforward calculation show this lemma.
We need two more lemmas. 
Proof. This follows obviously from definition of ∇ g,g−r (i 1 , · · · , i r ) in Proposition 3.9. We denote by α lm the w m -coefficient of the above element modulo M + F g−k S 0 (M ). By the hypothesis of induction, we know that M + F g−k S 0 (M ) is generated by Proof. Corollary 3.12 and Theorem 4.13 imply I g,a = J g,a .
Main results and their proofs
First we show Lemma 4.1. Then N is a quasi-polarized superspecial Dieudonné module, since a(M ) = dim N/(F, V )N = dim N/F N = g and N = S 0 (M ) for generic M by the proof of Theorem 4.13. By using Lemma 3.5, we can determine the quasi-polarization on N . In fact the quasi-polarization on
